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Formation of transversal patterns in a 3D cylindrical reactor is studied with a cata-
lytic reactor model in which an exothermic first-order reaction of Arrhenius kinetics
occurs with a variable catalytic activity. Under these oscillatory kinetics, the system
exhibits a planar front (1D) solution with the front position oscillating in the axial
direction. Three types of patterns were simulated in the 3D system: rotating fronts,
oscillating fronts with superimposed transversal (nonrotating) oscillations, and mixed
rotating—oscillating fronts. These solutions coexist with the planar front solution and
require special initial conditions. We map bifurcation diagrams showing domains of
different modes using the reactor radius as a bifurcation parameter. The possible
reduction of the 3D model to the 2D cylindrical shell model is discussed. © 2010 Amer-
ican Institute of Chemical Engineers AIChE J, 56: 28872897, 2010
Keywords: reactor analysis, simulation, process, fronts, bifurcations, transversal

patterns

Introduction

Heterogeneous catalytic PBRs are extensively used in
chemical and petrochemical industry and for reduction of
environmental pollution generated by automobiles, electrical
power stations, and other processes. Oscillatory kinetics is
typical for the oxidation of carbon monoxide, hydrogen, am-
monia, hydrocarbons, alcohols, ethers, and formic acids as
well as during nitrogen monoxide reduction by ammonia or
carbon monoxide and the hydrogeneration of carbon monox-
ide or ethylene. The PBRs are known to exhibit stationary or
moving thermal fronts propagating in the axial direction, in
the case of sufficiently exothermic reactions (e.g., oxidation
and hydrogenation) and oscillatory fronts in the case of os-
cillatory kinetics. The cross section temperature (and conver-
sion) distributions, which are assumed to be uniform in an
adiabatic PBR, may undergo symmetry breaking in the trans-
versal (normal to the flow) direction under certain condi-
tions. Several experimental studies reported formation of the
hot spots in PBRs.'™ Obviously, tracking such symmetry
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breaking is difficult in large commercial reactors. Infrared
imaging revealed temperature pattern formation in various
laboratory reactors including the exterior surface of a radial
flow reactor® and the top of shallow packed-bed reactors’ or
the surface of a catalytic cloth® under oscillatory conditions.

Significant modeling efforts have been directed to predict
the formation of transversal patterns during the last decade
(see a recently published review?’). The analysis of a three-
dimensional, two-phase reactor model, with complex kinetics
is very intricate. Thus, previous studies have been conducted
with simplified models which are derived from a general
model using several assumptions concerning either the physi-
cal and kinetics models or geometrical symmetry assumed.
The main and most popular physical reduction is that of
using of a single-phase pseudo-homogeneous model,'® which
is justified in many processes (under certain conditions a het-
erogeneous model can be reduced to a pseudo-homogeneous
one using effective mixing or dispersion coefficients that
account for the interphase transport parameters).

The generic kinetic model used to study instability in
PBRs accounts for a single exothermic reaction with Arrhe-
nius kinetics and is described by two state variables: the
temperature (7) and the concentration of a limiting species
(C). For a 1D system such kinetics predicts, within
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appropriate domains of parameters, either a stable reaction
front propagating with a constant form and a constant veloc-
ity (i.e., “frozen” in a moving coordinate) or an unstable
“galloping” front.'"! The minimalistic model that accounts
for an oscillatory behavior can be constructed by coupling
such a two-variable (C-T) model with a third variable that
describes a reversible change of a catalytic activity (0)
assuming that deactivation (activation) occurs at higher
(lower) temperatures.

Several simplified 2D geometries have been proposed to
facilitate the analysis of the full 3D system:

-A thin annular cylindrical shell reactor defined in the axial-
azimuthal (z — ¢) plane.'

-A 2D model that ignores the azimuthal dependence operat-
ing in the axial-radial (z — ) plane."’

-A short monolith (SM)14 or shallow reactor (SR) mod-
els'>! defined in the radial-azimuthal ( — ¢) plane. [SR
models can be obtained using the Liapunov-Schmit reduction
for a case of small axial gradients if we average the state
variables in this direction while accounting for BC]. These
are essentially reaction-diffusion (RD) systems, which are
amenable to linear stability analysis.

The models of the first two simplified-geometry groups
listed above may admit front solutions propagating in the
axial direction. The planar front stability analysis with
respect to transversal perturbations is a rather complex prob-
lem as the basic 1D front solution is not known analytically.
Moreover, for the Arrhenius kinetics even the space-depend-
ent steady states (fixed points of the source function) cannot
be expressed analytically. We review certain results concern-
ing fronts of the thermo-kinetic model, which are relevant to
our study of oscillatory fronts: The maximal temperature rise
over the front (AT,,x = Ty — T;n) is related to the front ve-
locity (V) like'”:

1—-V;

ATy = ATpq———
M T LeVy

where AT,q is the adiabatic temperature rise, Le is the Lewis
number (the dimensionless heat capacity, see below). Approx-
imate relations for T,,x and V; are available for the limiting
case Pec — oo (Pec is the mass Peclet number)'® and were
recently extended by us for the case of finite Pec.'” For this
case, we have showed” that a planar front may bifurcate into
nonrotating transversal patterns when

PeC/PeT<(1 —Vf)/(l _L€Vf) (1)

where Pey is the heat Peclet number. This novel condition can
be satisfied for realistic systems (i.e. one with Pec/Per > 1)
only for an upstream propagating front. Criterion (1) was
verified by direct numerical simulations of a 2D thin
cylindrical shell model'? showing formation of stable
nonrotating transversal patterns on a shell of a sufficiently
large diameter and transient structures with small D. Condition
(1) predicts the emergence of patterns for stationary fronts
when Pec- < Pez. This is also the condition derived with the
SR model for both the pseudo-homogeneous' and for the two-
phase heterogeneous models.?! This is exactly a condition of
the Turing mechanism.

Similar conditions were derived for two-variable activator-
inhibitor RD systems with polynomial kinetics: the planar
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front was shown to be unstable with respect to transversal
perturbations if the ratio of the diffusion coefficient for the
activator to that for inhibitor exceeds some critical value.?*?>
The basic characteristic of transversal patterns beyond the
bifurcation condition can be determined by dispersion curves
showing dependence of the temporally perturbation growth
as functions of a wave number, which were conducted with
a cubic kinetics by several groups.**~°

For oscillatory kinetics, any analytical results concerning
the planar (1D) front parameters and their stability, to the
best of our knowledge, were not published yet. That makes
the stability analysis a numerical problem. Numerical sta-
bility analysis is briefly described in Appendix since it will
be useful to explain some of our results. Such analysis con-
siders transversal perturbations of the form of transversal
eigenfunctions:

Fi(r,¢) = Tn(ty,r) exp(im¢) @

where the radial eigenfunctions J,(im,) are the Bessel
functions of the first kind, p,, are the transversal
eigenvalues.

Previous studies were focused on linear analysis of the
first four modes (see Figure 1 with the corresponding ftmn)
in either 3D'*’?® or shallow reactor models'>'®?*~° and
did not simulate patterns. Linear analysis suggests formation
of moving nonrotating patterns of the form (2) while the
unstable domains of certain modes were quite similar in 3D
and SR models. Any critical conditions on the diffusivities
of the state variables was not revealed.

Direct numerical simulations using the full 3D model are
very tedious and were not reported yet. The available results
obtained for oscillatory kinetics with simplified 2D models
show:

-With the cylindrical shell model and the three-variable (C—
T—-0) kinetics two types of solutions were revealed with Pec
> Per'%: (i) oscillating fronts with superimposed nonrotating

(a) (b)

@

(c) (d)

Figure 1. Schematic diagrams of the first four transver-
sal eigenfunctions J,,(¢mnr) exp (im¢) defined
by Eq. 2.
iy = 1.84 (1), oy = 3.0542 (2), por = 3.83, (3) and 3 =

4.20 (4). [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]
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patterns and (ii) rigid rotating fronts with one wave or multi-
ple waves.

-With the 2D azimuthally symmetric model complex trans-
versal patterns including period-doubling oscillations were
obtained."?

-With the SR model moving nonrotating patterns of the form
(2) were obtained for different oscillatory kinetics. The com-
plexity of patterns increased with R.*°

At the same time, RD systems with oscillatory or excita-
ble kinetics are known to exhibit moving targets and rotating
spirals31_34 in sufficiently large 2D domains rather then pat-
terns of the form (2). In 3D RD systems, a homogeneous
steady state can bifurcate into a scroll wave vortex rotating
around a filament similarly to a rotating spiral wave in a 2D
case.’?° Such patterns cannot be predicted by linear stabil-
ity analysis using modes (2), but can be analyzed using a ki-
nematic approach.34 Note that on a disk of finite R coexis-
tence of rotating spirals with a new type of patterns in the
form of spots moving along the disk boundary was detected
recently.”’

The question we pose is, what types of transversal patterns
can be sustained in 3D cylindrical RDA systems? In the
present work, we analyze pattern selection in 3D PBRs with
oscillatory kinetics using a three-variable (C-T-0) model
under conditions when a planar front solution exhibits an
axial oscillatory front behavior. An analytical study is
extremely complicated in such a case (see discussion above)
and we focus on direct numerical simulations of 3D PBRs
using various initial conditions and trace the sustained pat-
terns with varying the reactor radius.

The structure of this study is as follows: after presenting
the model and its 1D (axial) solution, in the third section,
we present and classify the simulated transversal patterns.
In concluding remarks, we discuss the results and also
address the possible reduction of the 3D model results to
2D cases.

Reactor Model

We analyze pattern formation for the generic pseudo-ho-
mogeneous model of a fixed bed reactor catalyzing a first-
order exothermic reaction with Arrhenius kinetics. In the ad-
iabatic case, assuming noncatalytic reactor walls, the balance
equations may be written in the following dimensionless
form:

or ov_ 1o 1 (10 (o0 1
Ot O Pecd&  PecR* |F OF 7)) P O¢?
=f(xy,0) (3)

gy 9y 10y 1 [19 [ dy\ 10
Le——4+=2—-——<2—— —|——(FZ ] 4+=
€3T+3§ Per 9£%  PerR? |F OF "or +F2(‘)¢2

:Bf(X,y,G), (4)

vy
v,0) = Dab(1 — ) 5
F(x.3,0) = Dat( x)exp(wy) )

The boundary conditions imposed are the traditional
Danckwerts type:
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Here, x and y are conversion and the dimensionless tem-
perature, respectively, 0 is the catalytic activity, Da, Le, Per,
and Pe. are the dimensionless reaction velocity (Damkoh-
ler), heat capacity (Lewis), and dispersivities of heat and
mass (Peclet numbers), respectively, B is the dimensionless
exothermicity. All parameters are conventionally defined:

C T — T, z _ r tu - ry
=1 — y=p e g 0 RV
X Cin’y )) Tln 75 L” rw?‘[ L7 L7
E —AH)C;, AT,
Y= 9 ATad = ( ) ) B = Y dd7
RT;, (PCp)¢ Tin
L S
Da =—Aexp(—y), Le = _(pCP)e ,
u (pcp)e
(pcp)Lu Lu
Per = ~—-—, Pec =—
er ke , Iéec SDf

In the following text, bars over r and R will be omitted.

The system above with § = 1 may admit moving (or sta-
tionary) front solutions.*® To admit an oscillatory behavior,
we vary the catalytic activity using a simple linear expres-
sion'>?” that assumes that deactivation occurs faster at
higher temperatures and at higher activities and that its rate
is independent of the reactant concentration. The dimension-
less form of the catalytic activity variation is:

do
Ked*:ae—bee—y (7)
T

Numerical methods

Numerical simulations were conducted using an implicit
finite-difference scheme based on approximate factorization.
The 1D simulations were conducted using a grid composed
of equally spaced 513, points. The 3D simulations were con-
ducted using a grid with 513, x 65, x 41, points with the
time step At = 0.001 — 0.02. Several control runs were con-
ducted on a finer (in the transversal direction) grid with 513,
x 1294 x 81, points.

Planar front characteristics

We used a certain set of parameters (see Figure 2) for
which the 1D system [Eqs. 3—7 with omitted transversal gra-
dients] exhibits a front solution that oscillates in the axial
direction. This behavior emerges over a wide domain. This
set was also used in our previous study of pattern formation
in a 2D cylindrical shell model.'?

For the chosen set of parameters, the 1D front position
(Zy), defined as the z-position corresponding to a fixed con-
version (x = 0.5), oscillates between Z; = 0.684 — 0.8144
(Figure 2a). The front velocity (Vy) exhibits relaxation oscil-
lations with sharp changes in values followed by gradual
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Figure 2. Typical 1D oscillatory planar front solution of

system (3-7) showing the temporal behavior
of the front position (Z;, a) and of the front
velocity (V;, b).
Da = 0.06, B = 30, y = 20, Le = 100, Pe; = 500, Pec =
5000, Ky = 66.7; ay = 26.7, by = 33.3. [Color figure
can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

change (Figure 2b). The period of axial oscillations is P, =
140.5 with duration of the downstream and the upstream
propagation parts approximately related as 1:2.

3D PBR Simulations

Three types of transversal patterns were detected: rotating
fronts, transversally-inhomogeneous fronts oscillating in the
axial direction, and mixed rotating—oscillating motion. These
exist in certain domains described below and coexist (at
least, for the case of small R) with a transversally-homoge-
neous oscillating front. To obtain the patterned states, we
used as IC a certain 1D profile slightly perturbed in the
transversal plane in the vicinity of the front position (the
choice of IC is discussed in the last section of the article).
Once the transversely inhomogeneous solution was obtained,
it was traced by decreasing/increasing R to construct the
bifurcation diagrams.

To describe the sustained structures, we calculated the
front position Z; (r, ¢, t) for each point in the transversal
plane (r, ¢) as a function of time. Using this 2D field distri-
bution, we defined:

(i) Local maximal [Z{™ ()], minimal [Z" (7)], and aver-
aged [Z}Y (7)] front positions:

7P () = max{(Z{r. 6,)}.
Z7"(2) = min(Z{r. 6. 9)}, Z7'(2) = (Z{r. 6. 9))y,

(ii) The maximal [AZ, (7)] and the time averaged [AZY']
transversal front divergence:

AZ\(v) = 2" (1) = Z7"(v), AZT = (AZ. (7)),
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(iii) For rotating patterns — a local tip position in the trans-
versal plane (ryp, ¢yp) is defined (following Ref. 30) at each
cross-section (¢ = const) as the point where the cross prod-
uct between the gradient vectors of the two leading state var-
iables y and x is maximal:

(Vy % V) g, = S0D{(Vy X V), Y70} ®)

The locus of tips points forms a filament in the axial
direction varying with time.
Rotating and mixed rotating—oscillating fronts

Pattern classification can be conducted following the fila-
ment motion (Figure 3) and in a simplified way following
the tip location traced in the transversal plane with fixed
axial position around the averaged front position (Figure 4).
Rigid rotating fronts appear as a quasi-linear filaments,
which are “frozen” in a rotating frame (Figure 3a) and

0.72

0.76

0.74

0.76

Figure 3. The spatial filament motion for typical rotat-
ing (a, R = 0.03) and mixed rotating-oscillat-
ing patterns (b, c, R = 0.023).

Plate a presents one rotation where the filament connecting
the tip points completes one revolution. Plates b and ¢ show
time intervals corresponding to the front position around its
downstream direction-reversal point and in the middle part
of the reactor, respectively. Other parameters as in Figure 2.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 4. The tip motion in a cross-section correspond-
ing to the average axial front position show-
ing distinction between mixed rotating-oscil-
lating (a,c,d) and rigid rotating (b) patterns.

R = 0.023 (a), 0.035 (b), 0.045 (c), and 0.06 (d). Other pa-
rameters as in Figure 2. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]
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Figure 5. Bifurcation diagrams for rotating and mixed
rotating-oscillating fronts showing the trans-
versal front divergence (AZ,, a) and the pe-
riod of transversal (P, b), or axial (Pax, C)
oscillations vs. the reactor radius R.

Parameters as in Figure 2. [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.
com.]
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exhibit simple circles in transversal cross-sections (Figure
4b). The front rotates as a rigid object with a small hot spot
upstream of the front and a large one downstream, with op-
posite ¢-positions of the tips.

Mixed rotating—oscillating patterns appear as scrolled fila-
ments and their rotation is superimposed on the axial front
oscillations. To elucidate this behavior, we plotted the fila-
ments for two time intervals corresponding to the front posi-
tion around its downstream direction-reversal point (Figure
3b) and in the middle part of the reactor (Figure 3c). In
transversal cross-sections, the tips exhibit complex meander-
ing motion (Figures 4a, c, d).

Three domains of the system behavior are presented in
Figure 5 showing the time-averaged transversal front diver-
gence (AZ?YY, a), the period of rotation (Prft, b) and of axial
oscillations (P,y, ¢) as functions of the reactor radius R: In
the middle, rigid rotation domain (R ~ 0.0232—-0.04), P, =
0, whereas on the left and on the right domains P, # 0 and
quasi-periodic mixed oscillations appear due to coexistence
of (at least) two incommensurate frequencies corresponding
to the axial and transversal oscillations. The low-R domain
exists for R ~ 0.0228—0.0232. We were not able to identify
the bifurcation point from the transversally homogeneous so-
lution. The right domain of mixed rotating—oscillating fronts
exists for R ~ 0.4—0.7. The corresponding tip motions ex-
hibit meandering behavior as in a low-R domain (Figures 4c,
d), which reflects the coexistence of several frequencies. We
explain below the difference between these two quasi-peri-
odic domains.

30 B ]
E 20 [/ ,
- [ (b)
> i -
E 10 /
= i ok
0 3
0.7
4

0.8
=0.73 0. 0.

Figure 6. Typical mixed rotating-oscillating patterns in
the low-R domain showing temporal (a) and
spatial (b and c) transformations of the tem-
perature field.

Several temperature snapshots in the cross-section at the av-
erage axial front position (a), axial profiles of the maximal
(Ymx), and the minimal (y,,) temperature (b, solid and
dashed lines, respectively), and several snapshots along the
reactor axis (c, numbers indicate the axial position). Stars
mark the tip positions. R = 0.023, other parameters as in
Figure 2. [Color figure can be viewed in the online issue,
which is available at wileyonlinelibrary.com.]
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Figure 7. Typical mixed rotating-oscillating patterns in
the low-R domain showing temporal behavior
of the averaged front position (27", a), the max-
imal transversal front divergence (AZ , b), the
average front velocity (V;, c), the radial (r],,_, d),
and the angular (¢|, , e) position of the maxi-
mal temperature y, at the front (z = Z)).

Double arrows with numbers in (a and e) mark intervals
corresponding to plates b and ¢ of Figure 3. The parameters
as in Figure 6. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Low-R domain. Typical temperature snapshots taken at a
reactor cross-section moving with the average front position
during one rotation (Figure 6a) show a high- and a low-tem-
perature domains with extreme temperatures at the opposite
disk edges and a clear rotating pattern. Typical axial profiles
that describe the maximal (y,) and the minimal (y,,) tem-
perature distribution at a moment corresponding to the maxi-
mal transversal front divergence are shown in Figure 6b
along with several cross-sections of the temperature field
taken at a laboratory coordinate system (Figure 6c). As
expected, the maximal transversal inhomogeneity takes place
around the front position where the temperature difference is
close to the maximal temperature rise over the front, y,,. The
pattern transformation in the axial direction is as follows: a
small domain of higher temperature emerges at the edge at a
certain distance before the front and gradually expands down-
stream, finally conquering the whole reactor cross-section.

The temporal behavior of the averaged parameters is illus-
trated by Figure 7 showing the averaged front position (Z",
a), the transversal front divergence (AZ |, b), the front veloc-
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ity (Vy, ¢) along with the radial (sl, , d) and the angular
(¢ly,_, e) positions of the hot spot at the front.

The sustained pattern exhibits two different periods: one
associated with axial oscillations is P,, [~ 90 in case of Fig-
ures 7a—c], whereas the rotation period is P/ (~ 19.5 in case
of Figure 7e). The transversal patterns are quasi-frozen and
rotate with almost constant velocity. The ratio of these peri-
ods is P, /P > 1. The averaged axial front oscillations (Fig-
ure 7a) occur around the average 1D front position (~ 0.75,
see Figure 2a), but with significantly smaller amplitude than
in the 1D case. The temporal Z' (7) dependence is almost
harmonic in this case. The transversal front divergence (AZ,
Figure 7b) slightly varies with time and is synchronized with
the axial motion: the divergence shrinks when the front
approaches its direction-reversal points and increases during
both the downstream and the upstream motion reaching its
maximal value (~0.018) during the downstream phase.

High-R domain. Typical temperature snapshots of the re-
actor cross-section at the front position during three rotation
periods are illustrated by Figure 8. Transversal structures
essentially vary with time: hot spot can penetrate from the
edge into the interior of the cross-section showing sharp
changes of its radial position (rl, , Figure 9d) and of the
pattern curvature, contrary to the low-R domain. Moreover,
rotation occurs with a varying angular velocity (Figure 9e)
and we did not find any regular regime within the whole do-
main of R that was studied.

“Non frozen” type of rotation is reflected by varying the
transversally-averaged performance (which are constants for
rigid rotation) and emergence of the averaged front position
oscillations of period P,, (~ 27 with R = 0.06, Figures 9a—

Figure 8. Typical mixed rotating-oscillating patterns in
the large-R domain showing temporal trans-
formation of the temperature snapshots in the
cross-section at the average front position.

Stars mark the tip positions. R = 0.06, other parameters as
in Figure 2.

November 2010 Vol. 56, No. 11 AIChE Journal
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Figure 9. Mixed rotating-oscillating patterns in the
large-R domain showing temporal behavior of
the averaged front position (Z7¥, a), the maxi-
mal transversal front divergence (AZ , b), the
average front velocity (V;, c), the radial (r,_,
d), and the angular (4|, , e) position of the
maximal temperature y,x at the front (z = Zj).

Parameters as in Figure 8. [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.
com.]

c). Coexistence of two oscillation processes leads to complex
filament motion (Figure 3b) and meandering tip trajectories
(Figures 4c, d).

The transversal front divergence (AZ;, Figure 9b) increases
with R as do the period of axial oscillations, which is still
smaller then the period of rotation (P7' ~ = 47 in Figure
9e) contrary to the low-R domain where P, /P > 1. The
pattern transformation in the axial direction is quite similar
to the low-R domain.

Note that increasing R leads to practically linear increase
in the time-average transversal front divergence (AZ') and
of rotating period (P7') within all three domains shown in
Figure 5. Continuation along this branch for sufficiently
large R (>0.7, not shown) leads to complex rotation patterns
with several distinct hot spots.

Oscillating transversally-inhomogeneous patterned
fronts

Axially oscillating fronts with nonrotating transversal pat-
terns that resemble the form of transversal eigenfunctions

AIChE Journal November 2010 Vol. 56, No. 11
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Gd)
10

Figure 10. Typical Mode 1 oscillating front solutions
showing several temperature snapshots in
the cross-section at the average axial front
position during the downstream (a-c) and

the upstream (d-f) motion.
R = 0.13, other parameters as in Figure 2.

(Eq. 2, Figure 1), emerge if such functions are used as initial
perturbations that are superimposed on the transversely homo-
geneous 1D solution. We consider below the oscillating fronts
that resemble the first and the third modes (Figures 1a, c).

1

>

d

0 50 100 150
T

Figure 11. Typical Mode 1 oscillating front solution
showing the temporal behavior of the aver-
age front positions [Z7¥, a), the maximal
transversal front divergence (AZ,, b), and
the average front velocity (V;, c).

Letters (a—f) mark moments corresponding to the snap-
shots shown in Figures 10a—f. Parameters as in Figure 10.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Figure 12. Bifurcation diagrams for oscillating front
solutions showing the transversal front
divergence (AZ,, a) and the period of axial
(P, b) oscillations vs. the reactor radius R.

Solid and dashed lines mark the Mode 1 and the Mode 3
oscillating patterns, respectively. Dotted lines mark a 1D
planar solution. Parameters as in Figure 2. [Color figure
can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

Mode 1 patterns: Sustained patterns of this kind show a
high- and a low-temperature domains with a boundary
between them that oscillates with time while preserving the
symmetry of IC (snapshots of the reactor cross-section at the
front position are shown in Figure 10). The corresponding
temporal behavior of the averaged front positions (Z%", a),
the maximal transversal front divergence (AZ,, b) and the
front velocity (Vy, c) are illustrated in Figure 11. The periods
of transversal transformation and the axial oscillations are
completely synchronized in a wide domain of R (0.13-0.3)
starting from the bifurcation point R = R}}, (~0.1253 in our
case, Figure 12).

The transversal front divergence [AZ, (7)] gradually
enlarges and shrinks during the downstream and upstream
sections of the front motion and reaches its minimum close
to points of the front direction reversal (Figure 11, points a,
d). At these points, the cold and the hot domains are inter-
changed forming antiphase oscillations (compare the upper
and lower rows of Figure 10). The antiphase structure is
clearly seen from the spatiotemporal pattern constructed
using the temperature distribution along a horizontal diame-
ter (the symmetry axis in this case) at the reactor cross-sec-
tion following the averaged front position (Figure 13a). At
the same time, the similar spatiotemporal pattern constructed
for any fixed z-position (time averaged, (Z" (1)), front position
is shown in Figure 13b) is significantly smoother as it includes
extended periods of quasi-homogeneous upper/lower solutions
when the front leaves the corresponding cross-section.

Typical axial pattern transformation at a moment corre-
sponding to the maximal transversal front divergence is illus-
trated in Figure 14 showing the maximal (y,,,) and minimal
(Ymn) temperature profiles (row a) and temperature snapshots
at several cross-sections (row b). Because of symmetry of
the Mode 1 solution, y, (r, ¢) and yu, (r, ¢) lie on the
symmetry (horizontal in the case of Figsures 10 and 14) axis
of each cross-section & = const. Along the axial direction,
the maximal transversal inhomogeneity takes place around
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the front position where the temperature difference is close
to the maximal temperature rise over the front, y,,, as in the
case of rotating patterns. The pattern transformation in the
axial direction is also similar: a hot spot emerges at the edge
at a certain distance before the front and gradually expands
downstream, finally conquering the whole reactor cross-sec-
tion.

With increasing R, the averaged transversal front diver-
gence (AZY') gradually increases (Figure 12a) whereas the
period of oscillations (P, Figure 12b) is practically inde-
pendent on R and is close to that of the 1D homogeneous
front oscillations.

(a)
f
©d
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b
a
T
(c)
f
T
— >

(b)

(d)

€

c
b
a

-

r r

Figure 13. Typical oscillating front solution showing the
Mode 1 (a & b) and the Mode 3 (c & d) spa-
tio-temporal pattern constructed with the
temperature profiles along the horizontal di-
ameter in the cross-section moving with the
front position, Z; (r) (@) and at the timely-
averaged front position (Z(z)) (b).

Lines (a—f) in Row 1 mark moments corresponding to the
snapshots shown Figure 10. Lines (a—f) in Row 2 mark
moments corresponding to the snapshots shown in Figure
15 below R = 0.13 (a & b), 0.30 (c & d), other parameters
as in Figure 2.
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Figure 14. Typical axial transformation of the Mode 1
oscillating front solution showing the maxi-
mal (Ymy) and the minimal (y,,,) temperature
profiles (a, solid and dashed lines, respec-
tively) and several snapshots along the
reactor axis (b).

Numbers in Row b indicate the axial position. Parameters
as in Figure 10. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Evidently, due to the rotation symmetry, the system can
exhibit infinitely many similar patterns shifted by an arbi-
trary azimuthal angle A¢.

Mode 3 patterns: The system behavior in this case is
somewhat similar to the previous one: the transversal oscilla-
tions are completely synchronized with the axial front propa-
gation yielding antiphase patterns at the points of front
reversals: Although the downstream-moving front has a cold
rim and a hot center, the upstream propagating front has a
hot rim and a cold center (Figure 15, moving coordinates).
Thus, the spatiotemporal pattern constructed using the tem-
perature distribution along a certain diameter at the reactor
cross-section following the averaged front position looks like
a chess-board (Figure 13c), whereas the similar spatiotempo-
ral pattern constructed for any fixed z-position [time aver-
aged, (Z%" (1)),, front position is shown in Figure 13d] is
significantly smoother and exhibits an inward moving struc-
ture. Note that the Mode 3 spatio-temporal patterns (Figure
13, Row 2) looks like double Mode 1 patterns (Figure 13,
Row 1) following the type of the corresponding eigenfunc-
tions (2). With increasing R, a circular symmetry is
destroyed leading to formation of transversal pattern of
lower symmetry like those shown in Figure 15.

The branch of the Mode 3 oscillating front terminates
upon decreasing R at critical R = Rﬁ) (~ 0.25 in our case,
see Figure 12). The critical radii of the Mode 1 and the
Mode 3 patterns are related approximately as 1:2, which is
close to the ratio of the corresponding eigenvalues (u11/to1
« 1.84:3.83).

Discussion and Concluding Remarks

This is the first work to simulate three-dimensional spatio-
temporal patterns in packed bed reactors or any RDA sys-
tems. It shows the emergence of rotating, oscillating, and
mixed rotating—oscillating patterns in a PBR for certain os-
cillatory kinetics. Oscillations have been observed in many
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oxidation and hydrogenation catalytic reactions. Studies
using a 2D version with axial symmetry'® will not be able to
reveal rotating patterns. This behavior is of academic and
practical importance, as the PBR is the workhorse of the
chemical-producing and pollutant abatement industry, and
here we tried to address the academic interest. Of the practi-
cal implications we should point out just a few:

1 Transversal patterns can emerge with Pecs > Per
(even for 1/Pe- = 0), as was shown for other 2D versions
with oscillatory kinetics.'>?*3® This condition is valid in
most systems. In contrast, transversal patterns in the regular
thermo-kinetic model (i.e., 0 = 1) may emerge under condi-
tion (1), which applies only for an upstream propagating
front.

2 Transversal patterns emerge for a reasonable radius/
length ratio; they are more likely for larger R-values. A cri-
terion for the minimal radius/length ratio (i.e., the wave
length) is required for design purposes.

3 All transversal patterns coexist with the 1D oscillatory
front solution; thus, if interested in a transversally-homoge-
neous solution one should design such a system with bound-
ary-conditions (initial heating or cooling, and flow distribu-
tion) that should be as transversally homogeneous as possi-
ble. This requirement is more restrictive for large diameter
reactors.

Other points to notice:

(i) The transversal patterns of oscillating fronts preserve
the symmetry of IC if they resemble the form of transversal
eigenfunctions. Simple rotating patterns are composed of
low- and high-temperature domains separated by a curvilin-
ear boundary.

(i) The periods of transversal and axial oscillations of
oscillating fronts are completely synchronized (at least at
small R) and are close to that of the 1D motion. Rotating
front solutions exhibit three subdomains: the system sustains

(a) (b) (c)
(d) (e) (f)

Figure 15. Typical Mode 3 oscillating front solution
showing several temperature snapshots in
the cross-section at the average axial front
position during the downstream (a-c) and
the upstream (d-f) motion.

R = 0.3, other parameters as in Figure 2. [Color figure
can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]
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n (>1) rotations per one axial oscillation at low R, rigid
rotation (n = 1) at intermediate R and n < 1 at high R. The
rotation period gradually increases with R and approaches, at
the upper-R boundary of a simple (one-wave) pattern do-
main, that of the 1D motion.

(iii) The critical radius for the existence of rotating fronts
is smaller than this of oscillating fronts of the first mode.

(iv) The critical radii of the Mode 1 and the Mode 3 oscil-
lating front solutions are related as the corresponding eigen-
values pi,,. This suggests that higher modes can be realized
in larger systems.

The pattern selection crucially depends on the choice of
initial conditions (IC): In the present article, we choose as
IC for 3D simulations a certain 1D solution with perturbed
temperature distribution in the vicinity of the front position:

Yipl—o = yip[l + asin(n(z — Zy + 2A) /3A) (1, ¢)],
ze (Zf —2A, 7 + A), A =0.05Z;,

where a is an amplitude of perturbations (0.05-0.2), while the
¢ (r, ¢) function defines perturbations in the transversal
plane. The patterned states were obtained only if the
amplitude of perturbations exceeds a certain threshold value,
otherwise the 3D system exhibits a 1D transversally-homo-
geneous solution. Similar results concerning the effect of IC
on pattern formation in PBRs were obtained in previous
studies using either a shallow reactor model>3® or a 2D
(r— 2z model.'?

We cannot, unfortunately, formulate the universal recipe
for the choice of IC. To simulate the oscillating (nonrotat-
ing) waves, we applied transversal perturbations in the form

¢, (r, ¢) = sin(0.57r) sin(¢p), @5(r, d) = sin(0.57r)

to the temperature field. These resemble the transversal
eigenfunctions Eq. 2 for the first (1;; = 1.84) and the third
(no1 = 3.83) modes, respectively. To simulate rotating 3D
fronts, we produced the 2D cylindrical shell model simula-
tions'? first (rotating front branch was found with R = 0.015 —
1.125) yielding profiles x(&, 0), and y(&, 0). These profiles
were imposed as IC at the external boundary (» = 1) of the 3D
cylinder. The transversally averaged values X(&) = (x (&, 0)),
¥(&) = (y(&, 0)) were applied at the disk core (0 < r < r, ~
0.5, we did not study the effect of r.), whereas in the rest
domain (r. < r < 1) the IC were determined by interpolation
between the core and the edge values. As soon as the rotating
branch of the 3D problem was obtained, it was traced further
by gradually increasing/decreasing R.

Note that in the present study we focus on the case of rel-
atively small reactor radius around the bifurcation points. In
this domain, the boundary conditions can induce a stabilizing
effect. To check the effect of IC more carefully and to
inquire which type of patterns can be induced by a small
amplitude white noise, it is necessary to consider large
domains, which is beyond the scope of the study.

The present study can be considered as numerical experi-
ments showing coexistence of different types of transversal
patterns in RDA systems. We aimed to detect simple (one-
wave) types of transversal patterns rather then to construct
full bifurcation diagrams of the sustained structures and to
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study their dynamic features using principal-component anal-
ysis. We expect to find also other transversal patterns that
include: (i) spatially multiperiodic rotating pattern (similar to
multi-wave patterns simulated with a cylindrical shell
model'?), (ii) outward moving patterns superimposed on the
oscillating front (similar to the inward pattern shown in Fig-
ure 14), (iii) complex oscillating patterned fronts with differ-
ent frequencies of axial and transversal oscillations (similar
to mixed rotating—oscillating fronts), (iv) rich dynamics with
frequency locked solutions and even chaos.

As 3D simulations involve significant efforts, 2D analo-
gies should be helpful. The observation that the critical
bifurcation radii of the Mode 1 and Mode 3 oscillating fronts
are related as the corresponding transversal eigenvalues, sug-
gests that transversal patterns formation in the form of eigen-
function (2) in the 3D case can be predicted by analysis of
the reduced 2D cylindrical shell model. Relation (Al) (see
Appendix) follows from the linear theory only close to the
bifurcation point from a steady state, but we are not aware
of a such general result.
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Appendix

Consider an RDA system governed by a vector of state
variables U:

U, + VV.U—-DA.U—-DA, U = G(U)

As a first step, the basic 1D axial (z-dependent) solution is
calculated which is frozen either in a laboratory, or in a
moving coordinate system. At the second step, the linear sta-
bility analysis of the obtained solution is also conducted
numerically with respect to perturbations (u) of the form u
o O (z)e’l'F 1, where @ (z) and F| the axial and the trans-
versal eigenfunctions, respectively. The latter satisfy the
same equation for both RDA and RD systems:

AF, +1’F, =0

where pu is the transversal eigenvalue.

Such an approach allows to determine in a 2D problem a
continuous spectrum of the spatial wave number u for an
unbounded (in the transversal direction) planar domain and a
critical shell (actually ring) radius corresponding to the first
mode (ermg) for the cylindrical shell model. The form of
transversal eigenfunctions F, depends on applied boundary
conditions. In the case of no-flux BC at the external bound-

ary r = 1 the corresponding functions are

FL(” ¢) = Jm(:umnr) exp(lm¢)

where the radial eigenfunctions J,, (umn) are the Bessel
functions of the first kind. The discrete spectrum of the
transversal eigenvalues i, is defined by boundary conditions:
dJ,, (tmn 1)/drl,—; = 0. Obviously, the transversal eigenfunc-
tions in the (+ — ¢) plane of a 3D model (2) are exactly the
same as those of a shallow reactor model on a disk. Note that
the critical radius of the (mn) mode of a disk model (Rgy) is
related with the radius of the first mode in a 2D cylindrical
shell model (R. ) as

ring
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